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D ' Motivated by the brane-world scenarios, we study the absorption problem 






when the spacetime background is (4 + n)-diniensional Schwarzschild black 
hole. We compute the low-energy absorption cross sections for the brane- 
^ I localized massive scalar, brane-localized massive Dirac fermion, and massive 

bulk scalar. For the case of brane-localized massive Dirac fermion we intro- 

^' 

^D I duce the particle's spin in the traditional Dirac form without invoking the 

■^ 

o 
Oh: 



Newman-Penrose method. Our direct introduction of spin enables us to com- 
pute contributions to the j'th-level partial absorption cross section from orbital 
angular momenta i = j ±1/2. It is shown that the contribution from the low 
£-level is larger than that from the high ^-level in the massive case. In the 

X" 

;h ' massless case these two contributions are exactly same with each other. The 

ratio of low-energy absorption cross sections for Dirac fermion and for scalar is 
dependent on the number of extra dimensions as 2^"~^'*/'"^^\ Thus the ratio 
factor 1/8 is recovered when n = as Unruh found long ago. The physical 
importance of this ratio factor is discussed in the context of the brane-world 
scenario. For the case of bulk scalar our low-energy absorption cross section 
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for S-wave is exactly same with area of the horizon hypersurface in the mass- 
less limt, which is an higher-dimensional generaliztion of universality. Our 
results for all cases turn out to have correct massless and id limits. 



I. INTRODUCTION 

The "greybody factor" Ti{uj) is an important quantity to understand the absorption 
and emission phenomena of a black hole. It is this factor which makes a black hole to 
be different from a black body. The physical origin of this factor is an effective potential 
barrier generated by a black hole spacetime. For example, the potential for the massless 
scalar generated by the 4d Schwarzschild spacetime is 

W^.)^(i-?)(^^^) (1.1) 

when the wave equation is expressed in terms of the "tortoise" coordinate r^ = r + 
Th ln(r/r// — 1), where r^ is an horizon radius and £ is an angular momentum of the scalar. 
This potential generally backscatters a part of the outgoing radiation quantum machanically, 
which results in the frequency- dependent greybody factor r^(cj). This factor , therefore, ap- 
pears in the black hole's thermal radiation formula 

dH r,M (2f + iv 

duj Y e"/^^« - 1 TT ^ ' ' 

where Tbh is an Hawking temperature. Eq.(1.2) shows how the greybody factor and the 
Planck factor play important roles in the emission rate of energy. 

In addition to the radiation formula (1.2) the factor T^{uj) is important to compute the 
partial absorption cross section (Ji{uj) of the black hole. The explicit relation^ between (Ji{uo) 
and Ti{uj) for the Ad massive scalar is 



and V = J\ — m? /uj"^ and m is particle's mass. Thus one can compute a^ from F^ straight- 
forwardly or vice versa. 

Many computational techniques for calculation of the absorption cross section in the 
various Ad black hole were developed long ago [1-7]. The main streams of this procedure 



^The relation between a^{uj) and T£{uj) in higher dimensions is given in Eq.(4.23). 



are to derive the solutions of the given wave equation in the near-horizon and asymptotic 
regimes separately and to match them in the appropriate intermediate place. Following 
this procedure Unruh [6] computed the low energy absorption cross section for the massive 
scalar and Dirac fermion in the 4d Schwarzschild background. It is instructive to introduce 
an explicit expression of Ref. [6] for the massive scalar: 



{ae)unruh = TY^{2i + l)Te (1.4) 
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' \ ,k{l + v^ 



7r(£!)^2=^^+^(l + t;^)A;^^+V^ ' 

' ~ (2£!)4(2£ + 1)2[1 - exp {-uk{l + v^)/v}] /J 



s 
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The most interesting one Eq.(1.4) suggests is the fact that the low-energy absorption 
cross section for S-wave is equal to the horizon area in the massless limit. This is an 
universal property for the minimally coupled massless scalar. This universality indicates 
that the low-energy cross section encodes information on the near-horizon structure of black 
hole. Another interesting result of Ref. [6] is the fact that the low-energy absorption cross 
section for Dirac fermion with mass ^ is exactly 1/8 of that for scalar with mass m if /x = m. 
It is still unclear at least for us the physical origin of this ratio factor. 

The universality is re-examined in the arbitrary dimensional spherically symmetric black 
hole [8]. Ref. [8] has shown that the low-energy absorption cross sections for scalar is equal to 
the horizon area while that for spin- 1/2 particle is an area measured in a fiat spatial metric 
conformally related to the true metric. The universality for the minimally coupled massless 
scalar is extended to the p-brane-like objects [9] and its generalization to the massive scalar 
is discussed recently [10-12]. In particular, it is shown in Ref. [11] that the mass-dependence 
of the absorption cross section is very sensitive to the near-horizon structure of spacetime. 
The computation of the low-energy absorption cross section is also important subject in 
the context of string theories and brane-world scenario. In string theories the black hole is 
effectively represented by a collective states [13] and the relevant low energy excitations of 
this effective description are the right- and left-moving modes of the string. The computation 
of the low-energy absorption cross section with this picture suggests that the effective string 
theory for the black hole is "heterotic", i.e. the right-moving sector has both fermionic and 



bosonic degrees of freedom, while the left-moving sector has only bosonic degree of freedom 
[14,15]. 

In the context of the brane-world scenario the most remarkable fact is that the funda- 
mental Planck mass can be low as a TeV scale. This TeV-scale gravity is realized by making 
use of the large extra dimensions [16,17] or warped extra dimensions [18]. One of the striking 
consequences arising due to the TeV-scale gravity is that the future high-energy colliders 
such as the CERN Large Hadron Collider can be a black hole factory [19-21]. If the black 
holes can be really produced in the future collider, one can examine the quantum gravity 
effects of black hole in the laboratory such as Hawking radiation and/or information loss 
problem [22,23]. Thus, it is important to investigate the absorption and emission problems 
in this context. Recently works along this direction were done [24-26]. In Ref. [24] the 
low-energy absorption problems for massless bulk and brane-localized scalar are examined. 
In Ref. [25] same problems for brane-localized massless particle with spin 1/2 and 1 are 
examined. The absorption and emission problems for the brane-localized particles in the 
full range of energy are numerically studied in Ref. [26] . 

In this paper we would like to extend Ref. [24,25] by considering the massive spin-0 and 
spin- 1/2 particles in the (4 -|- n)-dimensional Schwarzschild background. Although the spin 
can be introduced in the curved spacetime with ease by making use of the Newman-Penrose 
formalism [27], we will introduce it in the more traditional Dirac form. In section II we 
will compute the low-energy absorption cross section for the brane-localized massive scalar. 
It is shown in this section that our final result for the low-energy absorption cross section 
has a correct massless limit. However, the 4d limit of it is not exactly same with Eq.(1.4), 
but coincides with the low-energy expansion of Eq.(1.4). The reason for this is explained in 
the appendix. In section HI the low-energy absorption cross section for the massive Dirac 
fermion is computed by solving Dirac equation. The final form of the low-energy absorption 
cross section o-j(cj), where j is a total angular momentum, is just sum of two contributions 
from orbital angular momenta i = j ± 1/2, i.e. crj{uj) = aj^£=j^i/2{^) + 0"j,^=j-i/2(^)- While 
the introduction of spin via usual Newman-Penrose formalism generally does not allow to 



compute each contribution, our introduction of spin enables us to compute a j^i=j +1/2(00) and 
(Tj^£=j_i/2(^) separately. It is shown in this section that the contribution from lower £-state is 
larger than that from higher £-state in the massive case. However, these two contributions to 
(Jjluj) are exactly same in the massless limit. It is also shown that the ratio of the absorption 
cross section for massive scalar and massive Dirac fermion is 2*^"~'^^/*^""^^\ which gives a factor 
1/8 when n = as Unruh found. In section IV the low-energy absorption cross section for 
bulk scalar is computed. It is shown that the massless and S-wave limit of our result for 
the absorption cross section is same with the area of the horizon hypersurface. Thus, the 
universality for S-wave is preserved in the higher- dimensional theories. In section V a brief 
conclusion is given. 

II. LOW-ENERGY ABSORPTION CROSS SECTION FOR BRANE-LOCALIZED 

SCALAR 

The various higher-dimensional black hole solutions of the Einstein equation were dis- 
cussed in detail in Ref. [28]. The explicit expression of the (4-|-n)-dimensional Schwarzschild 
solution in terms of the usual Schwarzschild coordinates is in the following: 

ds^ = -h{r)de + h{r)-^dr^ + r^dQl^^ (2.1) 

where 



h{r) = l-[f) (2.2) 

and the angular part is given by 

dnl^2 = del+^ + sin^ On+i (del + sin^ oJ--- + sin^ 62 (dOl + sin^ Oidcj)'^) ■ ■ ■ H . (2.3) 
The horizon radius th is related to the black hole mass M as following: 

n+l ^ V 2 / 10 A\ 

^ (n + 2)vr^ Mr^ ^''^^ 

where M^ = Q^'^/^^+'^^ is a (4 + n)-dimensional Planck mass and G is a Newton constant. 
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Since we are interested in the scalar localized on the brane in this section, we assume 
the scalar field $ is a function of only t, r, 9i, and 0. Thus, letting $ = e~'^'^^ R^e{r)Yi{9i, 0) 



yields a following radial equation 



h{r) d 



h{r-)r'^—— 
dr 



+ 



00^ — h{r) lm? + 



+ 1) 



R = 0. 



(2.5) 



For the quantum-mechanical interpretation we can change Eq.(2.5) into the following 
Schrodinger-like equation 

1 d^tPe 



where 



2Me// rfr2 



+ Veff{r^)^lJi = u V tpe 



(2.6) 



Veffin) = h 



(2.7) 



(n+1) 



-h 

2 



(1 - h)m'^. 

Unlike the usual Ad black hole case the Schrodinger-like equation (2.6) involves not only 
the effective potential but also the effective position-dependent mass. Thus, it seems to be 
difficult to get a direct quantum-mechanical interpretation from (2.6). However, one can 
roughly estimate the effect of extra dimension in the absorption cross section. For simplicity 
let us consider the massless limit. The effective potential as a function of r* is plotted in 
Fig. 1 at fixed L Fig. 1 indicates that the potential barrier height seems to increase with 
increasing the number of extra dimensions. Since the greybody factor usually decreases 
when potential barrier becomes higher and the absorption cross section is proportional to 
this factor, one can conjecture that the existence of the extra dimensions may reduces the 
absorption cross section, which explains Fig. 1 of Ref. [26]. The detailed analysis of the 
Schrodinger-like equation (2.6) will be discussed elsewhere. 

In Ref. [6] Unruh derived the low-energy absorption cross section by solving the wave 
equation, i.e. the corresponding equation of Eq.(2.5) in Ad Schwarzschild black hole, in 
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the near-horizon, asymptotic and intermediate regions separately and matching the near- 
horizon and asymptotic solutions via the solution in the intermediate region. One may 
follow this procedure, but it seems to be impossible unlike Ad case to derive a solution in 
the intermediate region analytically. Thus, we adopt an alternative method introduced by 
Maldacena and Strominger in Ref. [14]. As will be shown in the next section, however, 
this alternative method does not work when we discuss the absorption problem for Dirac 
fermion. In that case we will adopt the Unruh's original method. 
Changing a variable makes Eq.(2.5) to be 



h{l-h)^riT+ (1- 



dh^ 



1 Wi? 1 

n + 1 J dh (n + 1)2 



(iur) 



[mr] 



I] 



h{l - h) 



l-h 



R = 0. (2.8) 



In the near-horizon region, i.e. r r^ th, Eq.(2.8) is solved in terms of the hypergeometric 
function as follows: 



RNHir) = h''il-hY 



A_F[a + (3 + 



n 



1 + n 



a + (3;1 + 2a; h 



(2.9) 



n 



+A+h-^''F {-a + P + , -a + p;l- 2a; h 

1 + n 



where 



a 



/5 



turn 

n+ 1 
1 



(2.10) 



1 - ^(2£ + 1)2 - Au^v^rl 



2{n + l) 

Since h ~ e''*^'''" in terms of tortoise coordinate introduced in Eq.(2.7) and only outgoing 
wave is valid in the near- horizon region, we should impose A^ = and then Rj^ni'^) reduces 
to 



RNH{r) ~ A_e *"+i. 



f2.111 



Now, let us solve Eq.(2.5) in the asymptotic region. Putting /;, ~ 1 makes Eq.(2.5) in 
the following simple form; 

(^+1) 



d Rpp 2 dRpp 



dr'^ 



r dr 



2 2 

OJ V 



R 



FF 







(2.12) 



which yields an solution in terms of the usual Bessel function as following: 

1 



RpF — —:= 



B+Jf.iiujvr) + B^Yf.iiuvr) 



(2.13) 



To match the near-horizon solution Rnh{i^) in Eq.(2.9) with A^ = and the far-field 
Rpp{r) in Eq.(2.13), we change the near-horizon solution as following: 

r(l + 2a)r(-2/3+^ 



RNH{r) = A^h'^il - hf 



r(«-/3 + ^)r(i + a-/3) 



(2.14) 



xF [a + 13^ , a + /5; 2/5 H -; 1 - h 



+ (1 _ hY^P+^ 



n+ 1 
1 Til + 2a)v(2(3 



n+1' 



1 

n+l 



r(a + /3 + ;^)r(a + /3) 



/ 1 n + 2 

xF{a-p+ -,l + a-p]-'2p + ^—]l-h 

\ n+1 n+1 

Taking i?jvii'(^) in Eq.(2.14) to r — ;► cxd and Rff{i^) in Eq.(2.13) to r ^ naturally yields 

two relations, one between A^ and B^ and the other between A_ and B_. Then removing 

A_ yields 



B_ 



/ 2 ^2m(£ + i)r^(£ + i)r(^-2/?)r(« + /5 + ^)r(a + /3) 



UOVTh 



^V{l + a-(3)v{a-p + ^)T{2^-^^ 



(2.15) 



Computing the flux in the asymptotic region, one can calculate the greybody factor 
whose expression is 



Tpiuj) = 1 



B-i 



B + i 



2i{B* - B) 



2i{B* - B) 



(2.16) 



\B\'^ + i{B* - B) + 1 |B|2 

The last approximation in Eq.(2.16) comes from the low-energy approximation, i.e. oo « 1. 
Inserting Eq.(2.15) into Eq.(2.16) makes the greybody factor to be 



TAu) 



i6vr fu^vmV^^^ r2(i + ^)r^^^ 



{n+iyv V 2 



n+1 



r2 



2^ V ^ n+1 



(2.17) 



Then the partial absorption cross section a^ can be read straightforwardly from Eq.(2.17); 

167r2(2£+l) /urvrH_Y+^ T^ (l + ^) V ^ (^ 
(n + Ifuj^v^ \ 2 ) 



_7r(2£ + l) 
(Tl = ^^^ — Tfiuj) 



Up'V^ 



r2 



1 r2(l+2£+l 
2)'' V "+1 



f2.18) 



It is interesting to consider several limiting cases. Firstly, let us consider the massless 
limit, i.e. v ^ 1. Then the partial absorption cross section reduces to 

p2 I e+i ' 






2/ V "+1 

which is exactly same with the result of Ref. [24]. In n -^ limit Eq.(2.18) becomes 

which coincides with Eq.(1.4) if we expands Eq.(1.4) by making use of a; ^ limit. Thus 
our result (2.18) recovers not only the massless limit but also 4d limit. 

At this stage one may question why our 4d limit is not exactly Eq.(1.4) but low-energy 
expansion of it. In fact, Unruh derived Eq.(1.4) by expressing the asymptotic solution in 
terms of the Coulomb wave functions. The multiplicative factor and exponential factor 
in Eq.(1.4) are results of these Coulomb wave functions. In Appendix, however, we will 
show that the expression of asymptotic solution in terms of the Coulomb wave functions 
is impossible except n = 0. This is why the 4d limit of our result gives the low-energy 
expansion of Eq.(1.4). 

III. LOW-ENERGY ABSORPTION CROSS SECTION FOR DIRAC FERMION 

In this section we will compute the low-energy absorption cross section for the massive 
Dirac fermion in the Schwarzschild background defined on the bulk. As commented earlier, 
spin of the particle can be introduced more conveniently by exploiting the Newman-Penrose 
formalism. However, it is more straightforward to introduce it in the traditional Dirac form, 
which we will follow in this section. As will be shown shortly, furthermore, our introduction 
of spin enables us to compute each contribution to the low-energy partial absorption cross 
section. The usual Newman-Penrose formalism does not provide this information. It usually 
gives the total sum of it. Thus, we can determine which contribution is dominant. 

Let us start with Dirac equation 
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[7'^(9^-r^)+/i]^ = o 



(3.1) 



where /i is a mass of the fermion and F^ is a spin-affine connection. Since we are interested 
in the Dirac fermion locahzed on the brane, we assume ip is function of t, r, 6 = 9i and 0. 
The gamma matrices in this background can be easily chosen as 7* = 7°/v/i, 7^ = vh'J^, 
7^ = 7^/r, and 7"^ = 7^/rsin^ where 7* are the ordinary flat-space Dirac matrices defined 

(i 0] 

-1 



7 



V 



I a'^ 



7 



/ 



V 



-a' 



(3.2) 



and (T* are usual Pauli matrices. 

The spin-afiine connection in the (4 + n)-dimensional Schwarzschild background can be 
straightforwardly computed with use of the affine connections and the results are 



r* 



(l + n)(l-/.)^3^o 



4r 







Vh 



iW 



T^ = — sin 6'7^7^ + - cos 6*7^^. 



(3.3) 



Then, Dirac operator 7^(9^ — F^) + /i reduces to 



where 



rid, 



M ■*- M/ 



fl = —I 



^^9, + .^ H ^ 



V 



-H 



--^dt + tfi 



Vh 



(3.4) 



H = Vha^Dr + -De 



a 



rsinO 



Oa, 



(3.5) 



and 



Dr = dr 



De = de + 



r 
cot 6* 



(n + l)(l-/i) 
Ahr 



(3.6) 



In order to perform the separation of variables we take an following ansatz 



.... / ^,_w... \ 



i, 



rh* 



G(r)0(^,0) 
-iF{r)a^Q{e,(j)) 



(3.7) 
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where Q{6,(f)) is angle-dependent two-component spinor. Then, it is straightforward to 
derive two radial equations 

where k is defined from the angular equation 

(a^De - -^dA Q = ~ikQ. (3.9) 

\ sm b* / 

The angular equation was discussed long ago by Schrodinger [29] and the constant k is 

related to the orbital angular momentum £ by £ = \k + l/2\ — 1/2 and to the total angular 

momentum j by j = |A;| — 1/2 [6]. Thus, for example, the lowest quantum number j = 1/2 

corresponds to A; = — 1 {£ = 0) and k = 1 {£=!). 

Removing the low component F{r) in Eq.(3.8), we can finally derive a second-order radial 

differential equation: 

d'^G 



dx^ 



■ 2 (l-\Vh\ k'^h d ( kVh 



l + \VhJ (l + Av^)V2 dx\{l + \^/h)1 
where A = /i/e and x is defined as 

dx 1 + \\/h 



G = (3.10) 



(3.11) 



dr h 

It is important to note that the new variable x goes to a; ~ {rn/in + 1)) Ink in the near- 
horizon region and a; ~ (1 + X)r in the asymptotic region. 

Due to the y/h in Eq.(3.10), the method of Maldacena and Strominger in Ref. [14] does 
not work in this case. Thus, we will adopt the method Unruh did in Ref. [6]. 

Eq.(3.10) indicates that the radial equation in the near-horizon becomes simply 



d'^G 



''''+e^GNH = (3.12) 



dx"^ 
which makes the following outgoing wave 

GNH = aie-''''^aie-'^^''\ (3.13) 
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In the intermediate region where e^ and /i^ are much smaller than the other terms the 
radial equation (3.10) reduces to 



d^G 



IM 



dx^ 



+ 



-k'^h d ( k^/h 



Defining 



;i + Av^)V2 dx\{l + \y/h)i 



_ dGiM , kVh 
niM = — ; r — ^ — j=—LriM, 



GiM — 0. 



dx (1 + Av^)r 

we can change Eq.(3.14) into the first-order differential equation in the form 

dHjM k 



dr y/hr 



Him = 0. 



The solution of (3.16) is 



Him = (3ii I ^ 1 



l + VhJ 
Therefore, inserting Eq.(3.17) into Eq.(3.15), we can obtain the following Gim 

k 

(\ — \fh\ "+^ 
Gim = Oiii 7= + PiiQjM 



l + Vh, 



where Qxm is a particular solution to 
dGjM , k 



dr y/hy 






For /c < we obtain 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



(;— K — ^ r- 2|fe|-(n+2) 

1 - ^ \ ""^ /v^ 2(l + Ap)(l-p)^^T^ , 
1~, 7f / 7 7T\ 2|fc|+(n+2) "P) 

1 + V/i/ ^1 (n+l)p (l+p) nil 

whereas for /c > we can show 

r 2fc 

(1 + Ap) /l+p\~ 



(3.20) 



, 1- v^\"+^ 1 , , /"^ , 2 
fo>! = r/f ( — — 7^ I S — r In /i + / ap- 



l + VhJ \n + l Jo '{n + l)p 



In the asymptotic region Eq.(3.10) reduces to 



:i-p 



n + 2 1 -I 

2^;7TT \ 1 - p. 



I n + l 



(3.21) 
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<PG 



FF 



dx^ 



+ 



1-A k{k + l) 
1 + A x^ 



G 



FF 



(3.22) 



Since a; ~ (1 + X)r in the asymptotic region, the solution of Eq.(3.22) can be written as 



GpFir) = aniJ^J\k+i\{^vr)+l3inJ^Y\,^^i\{evr) 



(3.23) 



where v = Jl — ji^ /e^. 

Now, let us consider a matching between G^h and G/m- Firstly, we note that the 
near-horizon solution (3.13) can be expanded as 



G 



NH 



ai [l — i 



erg 

n + 1 



ln/i + 



(3.24) 



Secondly, let us consider r ^ rn limit of Gjm- Eq.(3.19) indicates the r -^ th limit of G/m 
becomes 



lim GiM ~ Oiii + 13 1 1 lim Qjm- 

r—>rH r—>rH 



For k <0 Eq.(3.20) implies 



lim QxM ^rnbn^ —■ 

r^TH n+1 



\nh 



where 6„ is a n-dependent finite quantity defined 

2 



bn ~ 



dp- 



1 - (1 + Ap) 



2|fc|-(n + 2) 
(1 — P) "+1 

~ 2|fc| + (n+2y 

(1+p) "+1 



(3.25) 



(3.26) 



(3.27) 



/o (n + l)p 

Note that the factor 1 in the bracket compensates an infinity arising due to 1/p at p ~ 0. 
Thus, comparing Eq.(3.25) with Eq.(3.24) simply yield the matching conditions between 
Gnh and Gim 



an = aj 



(3ii = —ieaj. 



(3.28) 



For A; > 0, Eq.(3.21) implies 



A 



'// 



lim Gim ~ <^ii H In h 

r-'rn n+1 



(3.29) 
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which also gives Eq.(3.28). 

Next, let us consider a matching between Gjm and GpF- Firstly, let us consider /c > 
case. Taking r ^ oo limit to Gjm in Eq.(3.18) and direct integration in Eq.(3.21) yields 



k fTfj\ k fTfj\ 

lim GiM ~ q;//4~^ht — + /5^^4-;r+T — 
r^oo V r / V r / 



S + — 4"+i — 

2k + 1 Km 



r-H (3.30) 



/r^A^ ^ (1 + A)4^ / r X'^+i 



where £^ is an integration constant assumed small with respect to r^^"*"^. 

Now, we expand Gff{t) in Eq.(3.23) with assuming evr « 1, which is valid in the 
low-energy approximation. Then, the usual Bessel function properties yield 



"m if) ' „fc+i (hii^(,^l\(ev\-{''+h) 



lim G^pfr) ~ ^^^f^ ^^'^+i_^2i^r A; + - — r'^ (3.31) 

-r->o ^^^ ^ 7F^r(A; + |) ^v^ V 2A2; ^ ^ 

Comparision of Eq.(3.31) with Eq.(3.30), therefore, makes the following matching conditions 

2^rfA; + i') /«,r..^-(fc^'^ 



TT 



li(!!^)-^'-';5,„ (3.32) 



2fc 



1 ^fc 1 

2^ ^^ fevrH\''^2 

Pii = — : ^ — 7 TV -^r~ '^iii- 

r^(l + A)r(A; + i) V 2 J 



A similar procedure leads the following matching conditions for A; < 0; 

2fc I' , . 1\ 

an = p^p^ [-^) am (3.33) 

Thus, Eq.(3.28) and Eq.(3.32) gives for A; > 



Pin Tiv2~ 



am i{l + A)r2 [k , 2 
and Eq.(3.28) and Eq.(3.33) yield for A; < 



Ittt (^)'' '-^' 



^^m ^ -i7r(l + A) /eyr^X 
am t;2-^r2 Ti - A;) V 2 / 



(3.35) 
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Now, let us compute the low-energy absorption cross section. Computing the flux in the 
asymptotic region, one can easily express the greybody factor for Dirac fermion as 



r.(e) 



2i I ^^^' ^'^'^ 



' OLIIJ 



(3.36) 



Thus for /c > VAt) reduces to 



47rv2 " 






rj,fc>o(e) 



(i+A)r2(fc+i; 



4fe 



evrjj 
2 



2k 



Ak 

nv2 "+l 



-I 2 



(1+A)r2 fc+i 



;i + A)P A; + i 



(3.37) 



and for A; < 



"IF 



47r(l+A) 



rj,fe<o(e) 



„2~^r2(i-fc)(f^) 



-2fc 



n2 



1 + 



7r(l+A) 



,2-^r2(i-fc)(f^) 



47r(l + A)M^ 



i;2-^r2 1^1 _ f^j 



(3.38) 



At this stage it is worthwhile noting the following. If one introduces a spin by Newman- 
Penrose formalism, only the greybody factor for each j-level can be calculated, which is just 
sum of Tjkyole) and Tj^kKoi^)- Since, however, we introduced a spin by usual Dirac form, 
we are able to calculate rjfc>o(f) and Tj^^ole) individually, where the former corresponds 
to £ = j + 1/2 and the latter to i = j — 1/2. Thus we can determine which contribution 
of angular momentum quantum number is dominant. If, for example, j is fixed, there are 
contribution to the greybody factor from i = j + 1/2 (or k = i) and £ = j — 1/2 (or 
k = —i — 1). Then Eq.(3.37) and (3.38) indicate 

^j,k=j+^, 1 - A 



r,,.=-,-i 1 + A 



< 1 



(3.39) 



Thus the contribution from £ = j — 1/2 to the greybody factor is larger than that from 
i = j + 1/2. However, in the massless limit two contributions are exactly same. 
The absorption cross section for fixed j is given by 

, . vr(2j + 1) 



aj[e) 



2e^v 



2„,2 



^k=j+li(^)+'^k 



7r(2j + l) (27r)2-^ 

g2^3 22JT2 (j + 1) 



(evrn) 



.1 e. 



2j+l 



(3.40) 
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Now, let us consider the limiting cases. In the massless limit Eq.(3.40) shows 



4j+2 



<=°(6) 



7r(2j + 1) (27r)2-— 

7^ 22ir2 (j + 1; 



le^i/ 



l2j+l 



(3.41) 



which exactly coincides with Eq.(45) of Ref. [25]. 

Next, let us consider the case of the lowest angular momentum quantum number, i.e. 
i = 1/2. In this case the absorption cross section becomes 



^=ilej 



TT 3n-l 

—2 "+1 r 



H- 



Since Eq.(2.19) indicates the low-energy absorption cross section for S-wave is 



Anr'^ 



O"<?=0 



H 



(3.42) 



(3.43) 



the ratio between a 



■i=i/2 



and 



when e = uj and /x = m becomes 



-' 2 

O"£=0 



n~3 

2^J+T. 



(3.44) 



Thus we get a'j=i/2/o'^=o = 1/8 when n = 0, which Unruh found in his seminar paper in Ref. 
[6]. Thus, our result Eq.(3.44) is a generalized ratio between the low-energy absorption cross 
sections for spin-1/2 and scalar particles in the higher-dimensional brane-world theories. In 
conclusion, our result (3.40) correctly reproduces the n = limit as well as Ad limit. 

IV. LOW-ENERGY ABSORPTION CROSS SECTION FOR BULK SCALAR 

In this section we will discuss on the low-energy absorption problem for the minimally- 
coupled massive scalar which lives in the bulk. Thus, we should assume the scalar field 
$ is function of all bulk coordimates. Then, it is straightforward to show that the usual 
Klein-Gordon equation (□— m^)<I> = in the (4 -|- n)-dimensional Schwarzschild background 
(2.1) reduces to 



h{r) d 



dr 



Li? — h(r) < m^ + 



£{£ + n + l)' 



R = 



(4.1) 



where we used $ = e ^'^^ Ri^i{r)Y£(il) and Y£(il) is an higher-dimensional spherical harmonics. 
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At this stage it is worthwhile noting that one can calculate the low-energy absorption 
cross section by using the method used in Ref. [14] and Unruh's original method used in 
Ref. [6]. Since both procedures yield a same result, we will adopt the latter in this paper. 

In order to obtain the near-horizon solution of Eq.(4.1) it is convenient to introduce a 
tortoise coordinate 



1 



y 



{n + l)r 



H 



(4.2) 



which changes Eq.(4.1) into 



dy' 



_l_ J, 



2n+A 



Up' — /i(r) < vr? + 



£(£ + n -f- 1) 



i? = 0. 



(4.3) 



Since /i ~ in the near-horizon region, Eq.(4.3) approximately reduces to 

d^Rf 



dy 



NH 2n+4, ,2 p 







(4.4) 



which gives the out-going wave 



Rmh = Aje-^'^'-H'^'y. 



(4.5) 



In the intermediate region we use an inequality h{r)i{i + n + l)/r^ >> uj^ which makes 
Eq.(4.1) to be in this region 



d 
dr 



h{r)r"-^ 



-^2 dRiM 



dr 



r"£(£ + n+ l)R,M = 0. 



(4.6) 



It is easy to show that Eq.(4.6) provides a solution in terms of the Legendre polynomials as 
following 



RiM = AjjP^ hi— 



n+l 






n+l 



1 . 



(4.7) 



In the asymptotic region h{r) ~ 1 and the radial equation (4.1) becomes approximately 

Rff = 0. (4.8) 



1 d „_|_2 dRpp 



^n+2 ^j. 



dr 



. 2 2^ ^(^ + n + l) 



It is easy to show that Eq.(4.8) is solved by 



R 



FF — n + l 
T 2 



AtjjJo , u+i ftuwr) + BtttYi, , u+1 (tuwr 



1///-'^+ 



iii^e+i 



(4.9) 



where v = Jl — m'^/uj'^. 

Now, let us consider a matching between -Rath and Rim- Using a relations between the 
Legendre polynomials and the hypergeometric finction 

1 -2^ 



PJz) = F -u,u+l;l; 



(4.10) 



Q,{z) = 2-'^-V7r 



r(^ + l).-.-i^^ ^ 1 ^ 



r(z. + | 



3 1 



the r — !► rj:/ limit of Rjm reduces to 



lim RjM 



Ah 



n 



T + ^ U-^' + 



(4.11) 



In 



(-^-l) + |2^(l)-^('l + 



2n + 2/ ^V2^2n + 2^ 
-ln4(n+ 1) \ + 



where ip{z) is an usual digamma function. Comparing Eq.(4.11) with 



Rnh ~ Aj 



l-^|ln(;^-l)+ln(n + l)K-- 
n + 1 I Kth 



(4.12) 



we can derive the matching conditions 



An = Aj 



1 + ^^^ 1 + 



n+ 1 



2n + 2 



^ 



2 2n + 2 



+ 7-^Q) 



Ai (4.13) 



Bn = ^-^^Ai 



n+ 1 

where 7 is an Euler's constant and the last approximation in An comes from the low-energy 
approximation. 

Next the matching between Rjm and Rpp will be discussed. Using relations (4.10) it is 
not difficult to show that the r ^ 00 limit of Rjm is 

] +Bn ~ V • ":^{ (^' 



y „ . r(n-^) fry . „ ^'i^ + TJ-.) fr„ 
hm Rim = ^//— 77 7^ — + ^/z 7 ^ — 



r' (1 + 4t 

V n+l 

Since ujvr -^ limit of Rpp is 



2r f 2 + ^ 



(4.14) 



19 






i^VT^Q p/£_^n±3A TT V 2 )\UJV) 

the comparision of Eq.(4.14) with Eq.(4.15) gives the following natching conditions; 



n+1/ ^ y ' 2 

One should note that the expansion (4.15) of Rff is valid in the low-energy limit. 

Now, it is straightforward to calculate the low-energy absorption cross section for the 
bulk scalar. For the computation we first separate Rff as a combination of incident and 
reflected waves; 

hm Rff = 4>in + 0re (4.17) 

r— +00 

where 



r^^'^^^^'\L^{Ani + rBni)-^^ (4.18) 






i 2'KUV r 2 ' 

Then, the greybody factor is directly computed from the reflection coefficient 



1- 


Am 


1 + 


j^Bm 
Am 



r,(^) = 1 

The matching conditions (4.13) and (4.16) gives 

Bin 



(4.19) 



A 



III 



iD (4.20) 



where 






Thus, the factor r^(cj) reduces to 
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The massless limit of Eq.(4.22) exactly coincides with Eq.(37) of Ref. [24]. 

The relation between the absorption cross section and the greybody factor can be derived 
using the (4 + n)-diniensional optical theorem [30] 

where Ah is an area of the horizon hypersurface 

Ah = ^ ' . r"+'. (4.24) 

r(^) "" ^ ' 

The most important quantity is a low-energy absorption cross section for S-wave, which 
is derived by letting £ = in Eq.(4.23) 

cr,=o{u;) = ^. (4.25) 

Thus, at the massless limit the absorption cross section for S-wave exactly coincides with 
the area of the horizon hypersurface Ah, which is an higher dimensional generalization of 
the universality. The 4d limit of cxf is easily computed by letting n = 0, which is exactly 
same with Eq.(2.20). Also the massless limit of Eq.(4.23) exactly coincides with Eq.(5.4) of 
Ref. [26]. Thus our result has correct 4d and massless limits. 

V. CONCLUSION 

The low-energy absorption cross section for the brane-localized massive scalar, brane- 
localized massive Dirac fermion, and massive bulk scalar are explicitly computed when the 
background is (4 -|- n)-dimensional Schwarzschild spacetime. 

For the case of the brane-localized massive scalar our result (2.18) has a correct massless 
limit. But the 4d limit of Eq.(2.18) is not exactly same with the Unruh's 4d result (1.4), but 
coincides with its low-energy expansion. The reason for this is clarified in the appendix. 
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For the case of the brane-locahzed Dirac fermion we introduced the particle's spin us- 
ing the traditional Dirac form instead of the Newman- Penrose formalism. Thus, we should 
compute the spin-afhne connections and separate the Dirac equation to derive a radial equa- 
tion, which were performed explicitly in section III. Our introduction of spin enables us to 
compute the contributions to the low-energy absorption cross section from the orbital angu- 
lar momentum quantum numbers L Since, for spin-1/2 particle, total angular momentum 
quantum number j is contributed from £ = j ± 1/2, the ratio of o-j^i=j^ii2 and o-j/=j-i/2 is 
given in Eq.(3.39). This equation indicates that the contribution from lower orbital angular 
momentum is larger than that from higher orbital angular momentum in the massive case. 
However, two contributions are exactly same in the massless limit. The ratio of o"j=i/2 and 
the low-energy absorption cross section for S-wave massive scalar turns out to be dependent 
on the number of extra dimensions as 2*^""^-'/*^""'"^^ Thus, we can reproduce the ratio factor 
1/8 at n = which was shown by Unruh in Ref. [6]. Of course, our result has a correct 
massless limit. 

For the case of the bulk scalar our result (4.23) for the low-energy absorption cross 
section is shown to have correct massless and Ad limits. Especially, the cross section for 
the massless S-wave is exactly same with the area of the horizon hypersurface, which is a 
higher-dimensional generalization of the universality for S-wave. 

The extensions of our paper can be pursued in the several different directions. Firstly, 
one may consider the low-energy absorption cross section for a massive particle which has 
an arbitrary spin. In this case we should derive a radial master equation using the Newman- 
Penrose formalism. Then, it may be possible to examine the effect of spin in the absorption 
and emission problems of the higher-dimensional theories. Similar approach can be applied 
to generalize Ref. [15]. Then we may understand the effect of particle's mass in the stringy 
description of black hole. 

Since the matching method between the near-horizon and asymptotic solutions intro- 
duced in Ref. [10,11] gives an information on the high-energy absorption cross section, it 
may be possible to extend our paper to the extremely high-energy domain. It is of inter- 
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est to check the effect of the extra dimensions in the high-energy absorption and emission 
problems. 

Another extension of the present paper is to examine the absorption and emission prob- 
lems in the entire range of energy. This can be performed numerically by following our 
recent paper [12]. In Ref. [12] the absorption cross section for massive S-wave in the 4d 
black hole background exhibits a pecular behavior, i.e. decreasing behavior with increasing 
energy in the extremely low-energy regime. This behavior, as a result, breaks the univer- 
sality for S-wave. It is interesting to check whether or not similar behavior exists in the 
higher-dimensional theories. 

The most interesting one seems to be to understand the physical origin of the ratio factor 
2("'^3)/(n+i)^ Since the absorption cross section for the brane-localized massless S-wave is fixed 
at 'inrfj, this ratio factor indicates that the absorption cross section for the Dirac fermion 
increases when the extra dimensions exist. Especially, for the infinite extra dimensions the 
cross section for fermion becomes maximum, twice the cross section for scalar. Thus this 
ratio factor can be important to determine the number of the extra dimensions in the future 
collider. 
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Appendix 

In this appendix we would like to show why the n — ^ limit of our result (2.18) coincides 
with only the low-energy expansion of the usual Ad limit (1.4). As commented in section 
II the multiplicative and exponential factors in Eq.(1.4) are results of the representation in 
terms of the Coulomb wave functions for an asymptotic solution in 4d case. We will show in 
this appendix that the expression of the asymptotic solution in terms of the Coulomb wave 
functions is impossible when extra dimensions exist. 

For the proof it is convenient to rewrite Eq.(2.5) as 



d R Ir/ -N/-, ,N ^,1 dR 
-T:;^ + -[(n + l)(l-/.) + 2/.] — + 



u 



h^ h 



m^ + 



+ 1] 



Using the fact that the first two terms in Eq.(A.l) can be expressed as 

1 d'^ 

I— -r-r [yhrR] — (no derivative terms), 
V/ir dr^ ^ ^ 

we can rewrite Eq.(A.l) in the following form; 

{n+l){l-h) 



R=0. 



(A.l) 



dr-' 



+ 



Ar'^h'^ 



\{n - l)/i + (n + 1)] + — - - f m^ 



[yfhrR) = 0. 
(A.2) 



Now, let's taking r — * oo limit in Eq.(A.2). Choosing the leading terms in the asymptotic 
region, we can show Eq.(A.2) reduces to 



dr"^ 



+ Uu^-m^) + {2u^-m')i^-f^ 



[rR 



FF 



0. 



(A.3) 



For n = Eq.(A.3) yields a following asymptotic solution in terms of the Coulomb wave 
functions as expected 



R^F ~ ^i 



FF{- 



2v ' 



uvr 



A 



ij 



C ( ilW)u)rH 
2v ' 



ir 



uovr 



(A.4) 



However, when extra dimensions exist, the asymptotic solution is expressed in terms of the 
Bessel function. Thus, the multiplicative factor and the exponential factor in the denomi- 
nator of the Unruh's result (1.4) seem to be valid only when there is no extra dimension. 
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FIGURES 
FIG. 1. Plot of effective potential 14// given in Eq.(2.7). We plotted the n-dependence of the 

effective potential at i = 5. Since the barrier height increases with increasing the number of extra 

dimensions, this figure indicates the existence of the extra dimensions may decrease the absorption 

cross section for the massive scalar. 
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